Given the importance of urban sustainability and resilience to the future of our planet, there is a need to better understand the interconnectedness between the social, economic, environmental, and governance outcomes that underline these frameworks. Here, we propose a synthesis of the independent scientific frameworks of economic complexity and urban scaling into a consistent mechanism -termed 'city complexity' -to measure the fitness of cities across multiple dimensions. Essentially, we propose the use of urban scaling as the basis to construct and populate a bipartite city-outcome matrix, whose entries are the deviations from scaling law for a given set of urban outcomes. This matrix forms the input into the economic complexity methodology, which iterates over a pair of coupled non-linear maps, computing fitness of cities and complexity of outcomes. We test our algorithm with data from American cities and find that the emergent city fitness measure is consistent with desired behavior across the set of outcomes studied. We also find temporal evolution of city fitness and outcome complexity to be in agreement with theoretical expectation. Overall, these findings suggest that the city complexity mechanism proposed here produces a robust measure of fitness and can be applied for any set of diverse outcomes, irrespective of the specifics of national urban contexts.
Introduction:
We live in an increasingly urban world, with projections that the share of global urban population is expected to rise to 66% by 2050 [1] . This means that close to 2.5 billion people are expected to migrate to cities between 2014 and 2050, primarily in the developing countries of Asia and Africa [1] . As cities have become central to human existence, there has been increasing focus on notions of urban sustainability and resilience [2] [3] [4] . In fact, one of the stated objectives under the United Nations' Sustainable Development Goals (SDGs) is the creation of sustainable cities and communities, which encompasses targets under the multiple dimensions of basic service availability, housing and transport, social development, economic performance, environmental management, and planning processes [2, 3] . The increasing impact of climate change has also led to concurrent developments in the notion of urban resilience, with the City Resilience Framework (CRF) defining urban resilience through a basket of 12 indicators under the four broad dimensions of health and well-being, economy and society, infrastructure and environment, and leadership and strategy [4] . In addition to these frameworks for resilience and sustainability, there are multiple other assessment methodologies comprised of indicators across various dimensions of urban experience [5] [6] [7] [8] . However, despite a plethora of such assessment methodologies, most extant methods do not consider or explain the interdependencies between the many dimensions considered in each methodology [5] .
In this work, we propose a self-consistent, empirically grounded methodology, underpinned by a consideration of the interconnectedness between outcomes across multiple dimensions, to assess the comparative 'fitness' of cities. This measure of 'fitness' could apply to urban sustainability, urban resilience, or any other comparative assessment of cities across a range of outcomes. The methodology we propose -city complexity -synthesizes the frameworks of economic complexity [9] [10] [11] 13, 14] and urban scaling [18, 19, [22] [23] [24] to produce both a measure of comparative 'fitness' of cities and an assessment of the relative 'complexity' of outcomes considered.
Economic Complexity was proposed as a framework to assess the productive capability of nations [9, 10] . Essentially, it posits that nations have underlying capabilities that are not tradable and difficult to measure such as infrastructure, legal frameworks, and human capital endowments, and that these capabilities determine the kinds of products they are able to produce -that is, the product baskets of nations are reflections of sets of capabilities they possess. Hidalgo and Hausmann proposed Economic Complexity as a method of using a nation's export product basket to infer the exclusivity and diversity of the country's underlying capabilities [9] . They argued that this was possible if we consider the bipartite graph of countries and the products they export (on which data is available) to be part of a larger tripartite graph with an intermediate layer of capabilities (that are difficult to characterize and measure) -meaning that countries link to capabilities they possess and products link to the capabilities required to produce them. Essentially, this translated into countries producing those products for which they have the requisite capabilities. They found empirical validation in the country-product matrix constructed using global trade data (ordered by fitness of nations and complexity of products), which describes a triangular shape, supporting the contention that nations produce all products within a certain complexity limit. Therefore, a product produced by a large number of countries implies a low complexity product, while a product produced only by very high fitness countries implies a high complexity product [9, 10] . Using a simple model of the tripartite graph, they were also able to theoretically validate the expectation that countries with greater capabilities were more diversified and produced less ubiquitous products [9] . This work was extended further by Tacchella et. al [11] who proposed a statistical approach based on coupled non-linear maps, inspired by the PageRank algorithm [12] , to iteratively arrive at self-consistent measures of fitness of nations. This mechanism was also found to generate good long-term economic growth predictions [13, 14] .
Given the robust theoretical and empirical foundations of economic complexity, we seek to extend this framework to devise the notion of city complexity to assess fitness of cities. For city complexity, we propose that the bipartite graph of cities and their outcomes across multiple dimensions (such as social, economic, environmental etc.) reflects a contraction of the tripartite graph linking cities to their underlying capabilities (such as governance, finance, institutions, infrastructure etc.) and outcomes to capabilities required to achieve them. Figure 1 presents a visual representation of the equivalence between the empirically observed bipartite graph linking cities to outcomes and the underlying tripartite graph model. In this context, the complexity of an outcome is a measure of the difficulty inherent in cities being able to generate the combination of underlying capabilities required to produce that outcome, and the fitness of a city is a measure of its performance across outcomes of different complexities. Given this construct, we propose that the 'fitness' of cities (F) and the 'complexity' of outcomes (Q) are obtained as the unique fixed point of the iteration of non-linear coupled maps, as conceived by Tacchella et. al [11] . Specifically, this means that at any given iteration n, we estimate two sets of variables, namely the fitness of each city c (Fc n ) and the complexity of each outcome o (Qo n ), as follows:
where Mco is the entry for city c and outcome o in the bipartite city-outcomes matrix (M). The initial conditions for the iterations are:
The Fitness of a city (Fc) is proportional to the linear sum of the complexity of its outcomes (Eq. 1), while Complexity of an outcome (Qo) weights the Fitness of cities that produce the outcome in a non-linear way (Eq. 2), so that the complexity of an outcome is bound by the Fitness of less competitive cities that manifest them. At the end of the iterative process, we obtain a rank ordering of cities by fitness and of outcomes by complexity. It has also been numerically shown that the fixed point of Eqs. 1 and 2 exists and is unique, meaning that the result is independent of the choice of initial conditions [15] . The convergence of paths with different initial conditions is found to be exponential, with dependence on matrix size [15] . The city complexity methodology ensures that the weightage given to any particular outcome in the computation of fitness is solely dependent on the difficulty in achievement of that outcome (which itself is a function of the fitness of cities that manifest the outcome), and this distinguishes our mechanism from other multi-dimensional indices and methods that have a priori assignment of weights for different outcomes (including for the UN's Sustainable Development Goals (SDG) Index [16, 17] ).
The central question that remains unresolved is the mechanism to construct the bipartite matrix M. In the case of economic complexity, the widely used measure (in economics) of Revealed Comparative Advantage (RCA) was used to populate the matrix [18] . In the case of city complexity, we propose to use urban scaling as the basis to construct the matrix as it provides us a scientifically robust framework to assess the performance of cities across a range of attributes. Urban scaling [19, 20, [23] [24] [25] uses population size as the basis for isolating general agglomeration effects, with any urban indicator ( , ) for city i at time t described as:
where, ( ) is the population of the city at time t, 0 ( ) is the systematic change of the indicator under consideration, and ( ) represents the non-systematic or idiosyncratic city-specific deviation from the scaling law. is the elasticity of the urban indicator relative to population at t and urban scaling theory predicts that falls into three universality classes for different types of urban indicators: ≃ 7/6 indicating superlinear scaling for socioeconomic parameters, ≃ 5/6 indicating sublinear scaling for public infrastructures, and ≃ 1 indicating linear scaling for infrastructures representing individual needs [19] . Urban scaling theory predicts these average spatial, social, and infrastructural properties of cities as scaling relationships based on a few basic principles operating locally: mixing populations, incremental network growth, bounded human effort, and proportionality of socioeconomic outputs to social interactions [20] . These urban agglomeration properties are sometimes not evinced when the city boundaries considered in the analysis do not correspond to the functional definition of the city (i.e. an Urban Agglomeration comprising together both places of residence and work) [21, 22] . The robustness of urban scaling theory has been confirmed by empirical validation of scaling behavior in Urban Agglomerations across cities in Europe, USA, China, Brazil, Mexico, and India [19, [23] [24] [25] .
The scaling law -ln 0 ( ) + ln ( ) -essentially represents the mean-field behavior of cities for a given outcome at time t, and we propose to use a measure of deviation from scaling law as the basis for populating the city-outcomes matrix M. This deviation is in essence a measure of the city-specific component of performance, beyond the systemic change for all cities represented by the scaling law. Depending on the outcome under consideration, desired behavior (representing higher fitness) could be either overperformance of the scaling law (as for example in the case of Gross Domestic Product or number of patents) or underperformance of the scaling law (for outcomes such as crime, poverty, or unemployment). In case desired behavior on a particular outcome o is defined as overperformance of scaling law, we define the entry Mco (in matrix M) for any city c for outcome o as:
Alternatively, if desired behavior is represented by underperformance of the scaling law, then:
Once M is populated using Eqs. 5a and 5b, we can execute the iterative procedure outlined earlier (Eqs. 1 and 2) to compute city complexity. Overall, this synthesis of the independent frameworks of economic complexity and urban scaling enables us to construct a systematic, self-consistent method to assess multidimensional fitness of cities. We now seek to validate the model using data from American cities.
Results and Discussion:
In general, indices of urban sustainability encompass four broad dimensions -economic, social, environmental, and governance [2, 3] . We find data on 11 outcome parameters across these four dimensions for Urban Agglomerations in the USA: Gross Domestic Product (GDP), USPTO utility patent count, poverty headcount, unemployed headcount, population with educational attainment of bachelors' and higher, violent crime count, number of housing units without complete kitchen facilities, number of housing units without complete plumbing facilities, person-days of good Air Quality Index (AQI), population taking public transport, and total time to work. It is of course possible to find a more comprehensive or varied set of outcomes to assess sustainability, but our intention here is to simply test our methodology on a set of defined outcomes. For a more detailed description of data and methods, refer Appendix A.
Given this specific set of outcomes, we define over performance of scaling law as desired behavior for outcomes of GDP, patent count, educational attainment, person-days of good AQI, and population taking public transport; while underperformance from scaling law is desired behavior for poverty, unemployment, violent crime, lack of complete kitchen facilities, lack of complete plumbing facilities, and time taken to work. We begin with an assessment of 262 MSAs that report data across all the 11 chosen outcomes for the year 2015. Given the scaling laws for different outcomes, the bipartite city-outcome matrix (M) is populated in accordance with Eqs. 5a and 5b. At the end of the iteration of the two non-linear coupled equations (Eqs. 1 and 2), an assessment of the comparative complexity of the 11 outcomes indicates that the most 'complex' outcomes are utility patents (tracking technological innovation) and public transport use, while the least 'complex' are access to housing with complete plumbing facilities and violent crime. The notion of complexity here is best understood in terms of combinations of underlying city capabilities required to achieve a given outcome. The higher ranked outcomes are essentially those derived by combinations of harder to develop capabilities, while the lower ranked ones are achieved using more ubiquitously available capabilities across cities. Given this understanding and also considering the unlikelihood of changes in the set of underlying capabilities contributing to a given outcome over the timeframe of a few years, we would expect that a time-series of outcome rankings by complexity would reveal a fairly unchanging rank order over short time scales (years), and that only over longer time scales (decades) would we expect to see any significant ranking change. The coupled nature of the relationship between complexity and fitness also implies that cities starting at the highest levels of fitness would, with high probability, retain their position amongst the most fit cities over short time scales due to the availability of harder to develop capabilities, but as the capability set declines going down the ladder of fitness we would expect increasing probability of movement in the rankings of cities.
We now test the performance of the Fitness measure (Fc) against our definition of the desired behavior on each of the 11 parameters. In order for our measure of fitness to be robust, we would expect that it tracks desired behavior across most, if not all, outcomes. This would mean that Fc ought to describe an increasing relationship with outcomes of GDP, patent count, educational attainment, person-days of good AQI, and population taking public transport, and a decreasing relationship with poverty, unemployment, violent crime, lack of complete kitchen facilities, lack of complete plumbing facilities, and time taken to work. Figure 1 plots these relationships and reveals that Fc tracks desired behavior in all cases, except for time taken to work which shows a slightly positive relationship against an expected negative relationship. An analysis of the relationship between fitness and outcomes for the period 2011 -2015 reveals that in each of these years, fitness tracks desired behavior across outcomes (Appendix C presents these results). Overall, the emergent relationships between fitness and outcomes are in keeping with our expectations, suggesting that the Fitness measure (Fc) is robust and also indicating that the methodology would be robust to a diverse choice of urban outcomes. Empirical tests with urban data from other nations and longer time series would be essential for further validation of the measure. Additionally, specific times of socioeconomic stress which have a significant impact on urban life (such as economic crises, social unrest etc.) could result in greater churn in both short-term city fitness and outcome complexity measures due to the possibility of rapid, as well as differential, change in outcomes across cities. Next, we seek to understand the temporal evolution of city fitness and outcome complexity measures. We analyze the time-series for the period 2011-2015 (which gives us a 5-year dataset of 178 cities for analysis, Appendix A), and execute the city complexity algorithm -computing the fitness of cities and complexity of outcomes for each year by constructing the city-outcome matrix based on the scaling K relationships described by the data for that year. Figure 3a displays the outcomes on temporal evolution of city fitness. We find that, on average, a city's fitness ranking changes by 15.9 (or 8.9%) over the 5-year period. While this is a mean-field description of change, we also find a systematic relationship between the magnitude of rankings change and the initial fitness of cities, with high initial fitness corresponding to lower magnitude of average ranking change over time. To quantify this behavior more systematically, we stratify cities into quartiles based on fitness rankings (45 cities in each of the first 3 quartiles and 43 in the 4 th quartile), and find that the revealed probability of city rankings changing by 10 places or more over the 5-year period is 0.33 for the first quartile, 0.58 for the second quartile, 0.51 for the third quartile, and 0.35 for the fourth quartile (Figure 3b ). This emergent outcome is in keeping with the expectation that the harder to develop capability set of the highest fitness cities would enable them to retain their fitness rankings with higher probability over time, but it also reveals that the least fit cities display similar levels of stickiness to their rankings -indicating the possibility of 'low fitness' traps, which reflect the difficulty that very low fitness cities face in developing more complex capabilities. Intermediate quartiles, as expected, show much higher probability of rankings change. Assessing the rankings, we find that the top cities by Fc rankings are all small and medium sized cities such as Corvallis, Or., Bremerton, Wa., and Iowa City, Ia. (and they retain their high ranking over the 5-year period) and the top ranked million-plus city over this time period is San Jose, Ca. This suggests that the evolution of Fc exhibits temporal path dependence and also the possibility of population being a predictor of fitness. However, we find no systematic relationship between population and Fc, clearly indicating that the size of cities is no indicator of their multi-dimensional fitness (Figure 3c ). Population does, however, appear to be a predictor of the magnitude of fitness ranking changes over time, with larger cities, on average, showing lower ranking change than smaller cities (Figure 3d ). This is indicative of the difficulty in inducing change in outcomes of large systems when compared to smaller systems. Essentially, this finding suggests that larger cities (pop. > 725,000) displaying poor overall performance on fitness will find it difficult to significantly change their ranking positions in short time periods (5 years as in this case). In the same time frame, smaller cities (pop. < 725,000), on average, can show significant E change in fitness ranking. In order to further explore the dynamics of fitness change in large cities, we do a comparative analysis of the 31 largest cities in our dataset with a population of over 1 million in 2015 (Figure 3e ). Figure 3e evinces the clear temporal path dependence of Fitness (Fc), with an average change in 5-year ranking of 1.4 (or 4.8%), suggesting that significant improvement in the fitness of cities would require longer time horizons -to develop requisite capabilities that consequently enable achievement of more complex outcomes. This is in agreement with the finding that larger cities exhibit greater stickiness in rankings over time (Figure 3c ). Amongst the large cities, San Jose, Ca., Austin, Tx., Hartford, Ct., Salt Lake City, Ut., and Seattle, Wa., have the highest fitness scores (and they keep their position in the top 5 ranks through the 5-year period), while cities like Miami, Fl., Tampa, Fl., Los Angeles, Ca., and Riverside, Ca. find themselves in the bottom third of fitness rankings through the timeframe of analysis.
The complete Fitness ranking of American cities is presented in Appendix D.
When we look at the evolution of complexity of outcomes over time, we find that there is almost no change in the relative rankings of outcome complexity. As Figure 4 reveals, there is no change in ranking of the top 8 attributes between 2011 and 2015, and the only change is a one position swap in rankings between two of the lesser complex outcomes (ranked 9 and 10). This result confirms our expectations at the outset that complexity ranking of outcomes would not exhibit change over short time scales because of the low probability of any change in the underlying capabilities required to achieve a given outcome and the progressive difficulty faced by cities in developing harder to achieve capabilities. This analysis of the robustness of the fitness measure as well as the study of temporal evolution of fitness and complexity suggests that our proposed mechanism of city complexity offers an empirically grounded and theoretically robust algorithm to assess multi-dimensional fitness of cities.
Conclusion:
In this work, we attempt to create a theoretically sound and empirically grounded mechanism called city complexity to assess the fitness of cities. We synthesize the independent scientific frameworks of economic complexity and urban scaling into a consistent method to measure the fitness of cities based on their performance on a range of multi-dimensional outcomes. Essentially, we propose the use of urban scaling as the basis to populate a city-outcome matrix, which forms the input into the economic complexity methodology of iterating over a pair of coupled non-linear maps so as to compute the fitness of cities and complexity of outcomes. We test this city complexity algorithm with data from American cities and find that the emergent city fitness measure is consistent with desired behavior across the set of outcomes studied. We also find that while population is not a predictor of fitness, it is indeed a predictor of the extent of change in fitness (measured by ranking change) of cities. The magnitude of ranking change in fitness of cities is found to decrease with increasing population. We study the temporal evolution of city fitness and outcome complexity for the period 2011-2015, and find that the relative rankings of complexity of outcomes remains unchanged over time, as per expectations. We also find that cities starting at high levels of fitness tend to display lesser change in fitness rankings than those starting at lower fitness. This finding is again in agreement with theoretical expectation. We also find that the lowest fitness cities show similar stickiness to their rankings, suggesting the possibility of 'low fitness' traps. These findings suggest that the city complexity mechanism proposed here produces a robust measure of fitness and complexity.
There are a wide range of indicators and methods to assess city sustainability and resilience being used by governments, NGOs, research institutions, and private organizations around the world. This proposal for city complexity, we believe, offers a completely self-consistent, data-driven, and theoretically grounded methodology to evaluate city fitness -a mechanism that is robust to varying specifications of outcomes and implementable irrespective of the particularities of urban or national context.
An analysis of the scaling exponents (Table B1 ) reveals that the socioeconomic outcomes of GDP, utility patent count, educational attainment count, violent count, total time to work, population taking public transport all scale superlinearly with city size. This is in agreement with empirical observation from around the world as well as urban scaling theory. Poverty count is found to scale sublinearly with population, which is arguably consistent with the corollary expectation of superlinear scaling of economic income. The environmental attribute of Person-days of good AQI scales sublinearly with population, which is perhaps a reflection of the fact that large cities have become centers of the new economy based on technology and other services, while manufacturing industries are more prevalent in smaller urban centres. Finally, the household level personal infrastructures of complete kitchen and plumbing facilities would be expected to scale linearly (if universal access to basic services is assumed), but are found to scale sub-linearly, which is an indication that as American cities grow bigger, larger fractions of households do not have accesses to these basic services. Table B1 : Scaling exponents and 95% Confidence Intervals for all outcomes over the period 2011-2015: The scaling exponents obtained over time are in close proximity, as we would expect. These exponents are also in broad agreement with theoretical expectation.
Table B1 also reveals that the exponents remain proximate over time, and this is to be expected because cities are unlikely to show dramatic changes in performance across outcomes over spans of a yeartherefore ensuring that the outcome distribution remains largely unchanged year on year, yielding similar scaling exponents.
Appendix C: Robustness of fitness measure
As indicated in the main text, the robustness of the Fitness measure (Fc) is contingent on its ability to track desired behavior across all outcomes. The background cell color indicates the sign of expected slope (blue = positive, red = negative), while the text color indicates the sign of the realized slope (blue = positive, red = negative). As is apparent, across the timeline from 2011 to 2015, the realized slope for all outcomes is in keeping with expectation, except for Total time to work, which produces a positive slope as against a negative expectation.
Overall, Fitness (Fc) is found to track desired behavior for 10 out of 11 outcomes for each of the years under consideration, which suggests that in its current design, Fc is a robust measure of multi-dimensional fitness.
